IIB compactifications enjoy the possibility to break GUT groups via fluxes without giving mass to the hypercharge gauge field. Although this important advantage has greatly motivated F-theory constructions, no such fluxes have been constructed directly in terms of the M-theory G 4 -form. In this note, we give a general prescription for constructing hypercharge G-fluxes. By using a stable version of Sen's weak coupling limit, we verify their connection with IIB fluxes. We illustrate the lift of fluxes in a number of examples, including a compact SU(5) × U(1) model with explicit realization of doublet-triplet splitting. Finally, we prove an equivalence conjectured in an earlier work as a by-product.
Introduction
In model building applications, one of the most notable advantages of IIB compactifications over Heterotic ones is their ability to break GUT groups via fluxes without paying the price of giving mass to the hypercharge. This phenomenon was discovered in [1] in IIB string theory (see also [2, 3] ), and was propagated to F-theory in [4] [5] [6] [7] [8] [9] [10] [11] [12] (see [13, 14] for a review).
The basic idea is very geometric: Take a CY threefold X 3 , and place a stack of D7-branes on a divisor D ⊂ X 3 , carrying some GUT gauge group. One could Higgs the GUT group. However, this requires control over the Higgs potential, which is lacking for compact models. An alternative is to turn on a DBI flux F 2 , a two-form of H 2 (D), with values along a Cartan subgroup. One could construct F 2 as a two-form in H 2 (X 3 ), and restrict it to D. However, such a flux will generically give mass to the U (1) Y via the Stückelberg mechanism. 1 Fortunately, the cohomology of a divisor is typically much richer than that of the threefold in which it lives, H 2 (X 3 , Z) H 2 (D, Z). A sufficient condition on F 2 to keep U (1) Y massless is
where ı is the inclusion map ı : D → X 3 (we will discuss the necessary and sufficient condition in section 4). This condition forbids F 2 from being the pullback of a two-form of X 3 . However, this is not sufficient. The orthogonality condition implies that F 2 must be the Poincaré dual of a difference of at least two holomorphic curves in D, F 2 = C 1 − C 2 . Moreover, each one of these curves must be Poincaré dual to a non-pullback two-form.
To put it in general terms, H 1,1 (D) can be decomposed into a component that is pulled back from X 3 , and its orthogonal complement: H 1,1 (D) = ı * H 1,1 (X 3 ) ⊕ (ı * H 1,1 (X 3 )) ⊥ . However, integral fluxes cannot be decomposed in this way. This decomposition is too coarse, and misses a crucial set D of generators known as glue vectors. 2 Roughly speaking, for a divisor the form P ≡ A B − C D = 0, a typical glue vector will be a curve C of the form
A typical glue vector C ∈ D cannot be written as a pulled back two-form by definition, but it will still not be orthogonal to all of the pulled back forms. A hypercharge flux must be written as a difference
This framework for GUT breaking has been understood since [1] . However, no single explicit analogue has been created in F-theory by way of G-fluxes. The most common approaches so far have been: Forgetting the CY fourfold, and constructing two-forms on a brane in the base of the elliptic fibration. Or, using the Heterotic/F-theory duality as a definition of flux for F-theory.
In [12] , the authors explained what structure such a G-flux must have, in order to mimic the IIB notion of a hypercharge flux. The main requirement is that its Poincaré dual must be 1 When h 1,1 (X3) = 0, a non-trivial (odd) flux can still leave the U (1)Y massless (see [12] a difference of at least two four-cycles in the CY fourfold, each one a P 1 -fibration of a curve of type C ∈ D as described above. Such a four-form cannot be written as the difference of two four-forms that factorize into wedge products of two-forms.
In this paper, we give a general procedure for constructing such G-fluxes. The key insight is the following: After resolving the non-Abelian singularities over a brane at P = 0, the fourfold is described by the Tate model, and an equation σv = P , where σ is an auxiliary coordinate, and v = 0 is the exceptional divisor. It is then straightforward to find four-cycles γ of the form:
which mimics the construction in (2).
Although we are also able to construct our fluxes directly in F-theory, we will use a new technique that allows us to stay in touch with perturbative physics and check that we are on the right track. As a by-product, we will also show how to lift a typical flux on a so-called Whitney brane, which carries only a Z 2 gauge group. Using a stable version of Sen's weak coupling limit, given by Clingher, Donagi, Wijnholt [16] , we give a general procedure for lifting IIB hypercharge fluxes to G-fluxes in F-theory.
In its original version, Sen's limit is only performed at the level of the discriminant, so that data such as fluxes, which live in the fourfold geometry, cannot be directly discussed. Applying Sen's limit directly to the fourfold drastically mutilates the geometry, thereby losing most of the 7-brane data. In short, we do not have a weakly coupled F-theory fourfold per se.
The stable version of Sen's limit introduced in [16] satisfyingly addresses the issue. The basic idea is to consider the whole family of CY fourfolds over the parameter controlling the limit to weak coupling. This object is a Calabi-Yau fivefold with a singularity at = 0. Blowing up the singular locus, the fourfold over = 0 splits into two components. One component only sees perturbative physics, i.e. the only monodromies acting on the elliptic fiber are T and −I ∈ SL(2, Z). The other component adds the non-perturbative phenomena. This clean way of geometrizing the weak coupling limit of F-theory allows us to directly lift fluxes form IIB to F-theory. This paper is organized as follows: In section 2, we review the new formulation of Sen's limit. In section 3 the limit is used to lift IIB two-form fluxes to F-theory four-form fluxes. Section 4 contains our main results: we show how to explicitely construct fluxes that leave the corresponding gauge field massless in F-theory and apply this to an SU (5) × U (1) model. In section 6 we prove a conjectured equivalence between two-form and four-form fluxes given in [17, 18] .
2 The stable version of Sen's weak coupling limit Supersymmetric F-theory compactifications to four dimensions require a Calabi-Yau fourfold that is elliptically fibered over a base manifold B 3 as part of the defining data. If the elliptic fibration has a section, the fourfold can be described by a Weierstrass model:
Here, x, y, z are taken to be sections of ( 
where
A refined version of Sen's weak coupling limit appeared recently in [16, 19] . The starting point is the same as Sen's and consists in scaling the b i 's with a parameter that controls the limit:
When → 0, the j-function of the elliptic fiber goes to zero as 2 away from the vicinity of b 2 = 0 and, correspondingly, the string coupling becomes small almost everywhere over the base space B 3 . From the perspective of the geometry of the fourfold of F-theory, however, this limit leads to a severe singularity [16, 19] . If we introduce the coordinate s = x − 1 3 b 2 z 2 and rewrite the Weierstrass equation by using the parametrization (6) for f and g we find
This is a family of Calabi-Yau fourfolds over the -plane. At = 0, the elliptic fiber degenerates over all points of B 3 . What is worse b 4 and b 6 , i.e. the information on the location of the D7-brane locus, is lost completely.
To properly understand this degeneration it is necessary to consider the whole family of fourfolds described by (8) . The resulting fivefold W 5 is singular at y = s = = 0, i.e. the degeneration is not of a stable type. By blowing up the singular locus of the whole family 3 this situation can be improved and the perturbative information about the D7-brane locus (i.e. information about a neighbourhood of the locus = 0 in the family W 5 ) is recovered in the limit → 0. The resolved fivefold is given bỹ
i.e. it is an hypersurface in the ambient sixfold The type IIB data (i.e. the weak coupling limit) is captured by the central fiber at = 0 of the familyW 5 . As = tλ, the fourfold splits up into two components:
3 A similar procedure is needed to describe the stable degeneration limit of a K3 surface which forms the basis for the duality between F-theory and heterotic string theory.
The two fourfolds W E and W T intersect along the threefold
Since [yst] and [λz] belong to the SR ideal, we can define ξ = y/(sz) and write X 3 as
One immediately recognizes this as a Calabi-Yau double cover X 3 of B 3 . This procedure allows us to find the type IIB Calabi-Yau threefold as a submanifold of the (degenerate) F-theory fourfold over = 0.
In the following, we will only be interested in W E . As it is defined by λ = 0, we can exploit the SR-ideal to set z = 1, which is assumed from now on. W E can then be written as
in an ambient fivefold Y 5 which is spanned by the base manifold B 3 and the three homogeneous coordinates (s : y : t) (with equal weight 1). Hence, (14) is a quadratic equation in a P 2 , in other words it is a conic bundle, the generic fiber of which is a P 1 . This P 1 fiber degenerates into two P 1 's over the discriminant locus of the quadratic equation, i.e. this happens when
We recognize this as the locus of the D7 brane in B 3 . The two rational curves fibered over the subset ∆ E ⊂ B 3 make up a threefold R 3 ≡ W E ∩ {∆ E = 0}, that we call the cylinder (even if the proper cylinder is a normalization of R 3 [16] ). This is the basic object needed to lift fluxes on D7-branes as we will see in the next section.
3 Lifting type IIB F 2 fluxes to F-theory G 4 fluxes
In this section we present the basic ideas in simple non-compact examples.
One brane and its image
We consider Type IIB string theory on an orientifold of R 1,3 ×X 3 , where the Calabi-Yau threefold X 3 = C 3 is described by the following equation in C 4 (with coordinates x 1 , x 2 , x 3 , ξ):
The orientifold involution is ξ → −ξ, whose quotient is B 3 = C 3 with coordinates x 1 , x 2 , x 3 . The orientifold plane is located at b 2 ≡ x 3 + 1 = 0 in B 3 . We now place one brane on the locus ξ − 1 = 0 and its image on ξ + 1 = 0. This choice corresponds to b 4 = 1 and b 6 = 1 (we can make this simple choice because we are in a non-compact setup). We can now construct the conic bundle W E over B 3 corresponding to this brane setup:
Note that the fiber is compact: it is a P 1 that degenerates over the brane locus ∆ E ≡ x 3 = 0. The conic bundle can be rewritten in the following form:
We note that the fourfold W E is smooth (the apparent conifold singularity at y = s = t = x 3 = 0 is excluded by the SR-ideal). This is consistent with the fact that the two branes intersect each other only on top of the O7-plane where the matter is projected out. The Calabi-Yau threefold X 3 is embedded in W E by t = 0 (ξ ∼ y/s).
The cylinder R 3 = W E ∩ ∆ E splits into two components R ± 3 : x 3 = y ± (s + t) = 0. This means that, on top of the locus ∆ E ≡ x 3 = 0, the conic fiber splits into two P 1 's which we call P ± ∆ . They are described by the equations y ± (s + t) = 0 in the P 2 with coordinates y, s, t. The fiber over ∆ E = 0 can be pictured as P
where p is the intersection point p : {y = t + s = 0} between the two P 1 's. The vicinity of this point in W E looks like a Taub-NUT space:
where we have used that p is in the patch s = 1 and we have defined y ± ≡ y ± (s + t). M-theory compactified on Taub-NUT is the lift of a type IIA background with a D6-brane. The D6-brane lies where the M-theory circle S 1 M collapses, in this case, at x 3 = 0. The direction orthogonal to S 1 M in the fiber forms another circle when this Taub-NUT is embedded into a compact elliptic fibration. By T-dualizing it, the D6-brane becomes a D7-brane along x 3 = 0 in B 3 . The weakcoupling limit splits the elliptic fourfold into a P 1 and a 'compactified' Taub-NUT space. In this simple example, the double cover of the locus ∆ E = 0 splits into a brane/image-brane system. Given a two-form flux F on the D6-brane wrapping the four-cycle ∆ E = 0 in B 3 , it is known how to lift it to a four-form flux G 4 on the fourfold W E [20] : one takes the Poincaré dual twocycle of F on the brane, say C F . Above this curve in B 3 the conic splits into two P 1 's. We can fiber one of the two P 1 's over the curve C F , thereby lifting C F either in R + 3 or in R − 3 . These two six-cycles sum up to a 'pull-back' cycle (i.e. given by the intersection of a divisor of the ambient space with the fourfold W E ). The corresponding four-form flux is, up to a four-form of the pull-back type ( ∼ ), given by
In F-theory, we want to impose 4d Poincaré invariance (i.e. the flux must be orthogonal to base and fiber [21] ), for which the right definition turns out to be the last one, i.e.
This flux projects to F on the brane ξ + 1 = 0 and to −F on the brane ξ − 1, realizing an orientifold invariant fluxed brane configuration.
This conic bundle comes from the following family of elliptic fibrations over B 3 :
We notice that there is a new section of the elliptic fibration (with respect to the most generic elliptic fibration over B 3 ), i.e. σ ± : y ± z 3 = s = 0.
The G 4 flux (22) is not defined in a generic elliptic fourfold of the family W 5 . We need to find an object in its homology class in W E that is well defined also away from weak coupling. The sections σ ± are manifestly well defined on each element of the family W 5 . They satisfy the homological relation
with the R ± 3 . We can then define the flux as
This is in accordance with the expectation for the U(1) restriction (in this case b 6 is a square).
Non-abelian gauge group: SU(2) stack
Let us consider a different brane setup on the Calabi-Yau threefold (16), supporting a U(2) gauge group. We place the stack of two branes (plus their images) at x 3 = 0. This is realized by choosing b 4 = x 3 and b 6 = 0 and correspondingly ∆ E = x 2 3 . The related conic bundle is
This has an A 1 singularity along y = s = x 3 = 0, which we resolve in the following way. We introduce a new coordinate σ and a new (auxiliary) equation σ = x 3 [22] . The resolved fourfold is then described as follows
In the resolved space, the fiber coordinates y, s, t, σ, v satisfy the scaling relations summarized in the following table
The cylinder isR 3 =Ŵ E ∩ {x 3 = 0}. It splits into three components
On top of a generic point of the locus ∆ E = 0, the conic splits into three P 1 's, that we call P + σ , P − σ and P v (these are the fibers of R + σ , R − σ and R v , respectively). Their intersection structure is schematically P
In the M-theory picture, the resolved fiber can be understood as the result of separating the two D6-branes of the U(2) stack. We will take a two-form flux F 1 on the first brane (located at
and a flux F 2 on the second brane (at p 2 = P v ∩ P − σ ). According to the rules above, the first flux is lifted to G 4,1 ∼ F 1 ∧ R + σ , while the second one is lifted to G 4,1 ∼ F 2 ∧ (R + σ + R v ). Imposing 4d Poincaré invariance and summing both contributions one gets
We are interested in a flux along the Cartan generator of SU(2). We achieve this by choosing
where we have used the fact that R v is actually the exceptional divisor E = {v = 0} inW E . This form was previously known to give the right lift of a Cartan flux to a G 4 -flux on an elliptic fibration. In fact, the flux (31) is well defined also in a generic elliptic fourfold of the family W 5 :
In [17] we verified that the global Sp(1) realization of (31) reproduces the same D3-charge and chiral modes as the Cartan two-form flux F.
Hypercharge flux
In the previous sections, we have seen how a two-form flux on a D7-brane is lifted to a four-form flux in F-theory. We now want to apply this machinery to a flux particularly important for SU (5) GUT model building.
In heterotic string compactifications, the Stückelberg mechanism unavoidably generates a mass for the U(1) Y gauge field. In contrast, in type IIB string theory, the GUT group can be broken to the Standard Model group by switching on a particular two-form flux along the hypercharge Cartan generator of SU(5) in F-theory [5, 7] , without making it massive. Here, the GUT group can be realized on a stack of D7-branes wrapping a hypersurface S of the Calabi-Yau threefold. The D7-brane worldvolume action has a coupling between the RR field C 4 and the gauge field strength
Expanding the eight-dimensional field strength into an external (along R 1,3 ) and an internal part (along S) asF = F + F and proceeding with the dimensional reduction of (33), gives the 4D axionic coupling
Here {ω α } is basis of H 1,1 + (X 3 ), ı * ω α their pull-back to S ı − → X 3 , runs over the (single) D7-branes and c α 2 are two-forms arising from the expansion of the RR four-form potential C 4 along the basis {ω α }. When K α = 0 (for some α) A µ gets a mass from a Stückelberg mechanism. A Y µ is massless when S F Y ∧ ı * ω α = 0 ∀α. Notice that this does not imply that the pushforward of the form F Y to the Calabi-Yau threefold is trivial, as pointed out in [1] and recently applied by [12] in the F-theory context. On the other hand, if the pushforward is trivial in X 3 , this is sufficient to have a massless U(1) Y gauge field. Since the odd two-forms of X 3 are projected out in the quotient B 3 , the masslessness condition always requires ι ! F Y = 0, where ι ! is the pushforward map from S to B 3 .
In the following, we present some examples of two-forms that satisfy the condition ι ! F = 0. We will use them to switch on a Cartan flux in type IIB that does not give mass to the associated generators. Then, we will lift such a two-form flux to W E by following the prescription outlined in the previous sections. The resulting four-form flux will be well defined also away from the weak coupling limit. This will give an explicit realization of a Cartan four-form flux that does not generate a Stückelberg mass for the associated Cartan gauge field.
General case: A 1 singularity
We consider a compact fourfold and we enforce a split A 1 singularity along a surface S given by P = 0 in the base B 3 . This is realized by the following factorizations: 4
We resolve this A 1 singularity as in the local example. Then, the resolved fourfoldW E is 5
in an ambient sixfold, determined by the weight system Let us now choose the polynomial P to take the following factorized form:
For simplicity, we also choose the classes [
The following two-cycles of B 3 are inside the D7-brane at P = 0:
Moreover they are homologous in B 3 but non-homologous on the surface P = 0. In the double cover Calabi-Yau threefold X 3 given by the equation ξ 2 = a 2 1 + a 2,1 P , the double cover of the surface S splits into two surfaces S ± isomorphic to S itself. They are given by the equations {ξ ± a 1 = 0} ∩ {P = 0}, which are exchanged by the involution. 6 Let us consider the surface S + . The two cycles C + a,b given by ξ + a 1 = A a,b = C = 0 are homologous on X 3 but non-homologous on S + .
We now construct a two form that is trivial in X 3 but non-trivial on the D7-worldvolume S + . Note that here we are using the stronger masslessness constraint. This 'trivial' two-form flux is given in terms of the Poincaré dual (in S + ) two-cycles as
It projects down to a two-form F = C a − C b on S ⊂ B 3 , whose pushforward to B 3 is trivial. This is a toy model of hypercharge flux.
Let us now lift F to the fourfoldW E :
The gauge flux is along the Cartan generator in type IIB, so that G 4 is obtained by lifting the flux F viaR v . The resulting G 4 -flux is given by fibering the exceptional P 1 over the curves C a,b and taking the difference of the resulting fourcycles:
This 4-form flux is trivial in the ambient sixfold, but it is non-trivial on the Calabi-Yau fourfold. Note that, contrary to the Cartan G 4 -fluxes constructed above, it is not a wedge product of the exceptional divisor with a two-form in B 3 . However, it is Poincaré dual to a P 1 fibration over curves on the brane locus. This form for the hypercharge flux was anticipated in [12] . Here we provide a recipe for an explicit realization.
As a check of this construction, one can show that the D3-charges of F 2 and G 4 are the same.
Example: a rigid
In realistic models, one prefers to have the GUT brane wrapped on a rigid divisor in order to avoid possible exotics. This requirement seems to conflict with the construction we have given above: in fact, generically deformations of the polynomial P are related to deformations of the D7-brane locus. We now give simple example in which the visible sector wraps a rigid divisor and we can still switch on Cartan flux without giving a (Stückelberg) mass to the corresponding gauge field.
A rigid surface with a two-cycle trivial in the base
We construct the base B 3 , by blowing up P 4 in a point, so that we get a toric variety Y 4 with the weight system z 1 z 2 z 3 z 4 z 5 w 1 1 1 1 1 0 0 0 0 0 1 1 (42) 6 We make the assumption of a smooth space X3, i.e. we assume that the locus ξ = a1 = P = a2,1 = 0 is empty [12] . Y 4 has two independent divisor classes, which we can take as [ We can compute the first Chern class of the base manifold:
The intersection ring on B 3 is generated by intersection of 
We now choose S = B 3 · [w]. This is a quadric in P 3 , so that S ∼ = P 1 × P 1 and we can choose coordinates such that
The surface S is rigid in B 3 : there is no deformation of S which does not deform B 3 at the same time. The explicit identification of S with P 1 ×P 1 is made by using the homogeneous coordinates [s 0 : s 1 ] and [t 0 : t 1 ] on P 1 × P 1 and identifying
Hence H 2 (S, Z) is generated by the two P 1 's C 12 = {x 1 = x 2 = w = 0} = {s 0 = 0} and
, so that the Lefschetz hyperplane theorem implies that the cycle C 12 − C 13 is trivial in B 3 even though it is non-trivial on S. Using the fact that S is the product of the two rational curves C 13 and C 13 , it is also clear that S (C 12 − C 13 ) 2 = −2.
7 The Segre embedding shows that products, and more generally fiberd products of projective spaces, are projective. For projective varieties, we can use the Nakai-Moishezon criterion for ampleness. We compute 
Toy GUT model with hypercharge flux and F-theory lift
We can now use this geometry to build a toy model. The surface S at w = 0 will be the GUT divisor in B 3 . For simplicity we will choose the simplest non-abelian group, i.e. SU(2), as the 'GUT group'. Hence the fourfold X 4 must develop an A 1 singularity along the locus w = 0:
where we used the form P 2 (z 1 , ..., z 4 ) = z 1 z 4 − z 2 z 3 .
We now consider a stack of two D7-branes wrapping the surface S = {w = 0} in B 3 . Since S is rigid and has h 0,1 = 0, there are no 'exotic' scalars in the adjoint of the GUT group. On this brane we switch on a Cartan flux
where C 12 and C 13 are described in (49) and t C is the Cartan generator. The two-cycle Poincaré dual to F 2 is non-trivial on the brane worldvolume, but it is trivial in B 3 (and on the double cover X 3 ), so that the U(1) gauge boson associated to the Cartan generator remains massless. Moreover, this flux does not generate chiral matter on the bulk of the branes. 8 Let us now consider the resolution of the singular F-theory fourfold:
We construct the lift of the hypercharge flux to F-theory by following the procedure outlined in the sections 3.2 and 4.1. The resulting four-form flux is
with θ 12 :
As expected, G Y 4 is trivial in the ambient space but non-trivial on the fourfold W E . Furthermore, this flux survives away from weak coupling. Its definition is a slight deformation of the equations (54), where the conic bundle is substituted by the (resolved) Weierstrass model, and the other equations remain untouched. This construction can be repeated for more realistic gauge groups, as we will see in the model presented in the next section.
8 Since S F 2 2 = −2 in the quotient surface S = P 1 × P 1 , there is also no vector-like matter from the bulk (see [5, 6] ).
GUT on a dP 7 in B 3
Following the prescription given in the last section, we can now construct a hypercharge flux directly in an F-theory SU(5) GUT model, without passing through the weak coupling limit.
We consider an elliptic fourfolds over the base B 3 which is a hypersurface in the toric ambient space Y 4 with weight system [24] 
SU(5) × U(1) model
We construct a model with an SU(5) gauge group and one massless U(1). In F-theory, the first requirement is satisfied by enforcing singular fibers of type I 5 over a divisor in the base, while the second one is realized by taking a 6 ≡ 0 [18] . This boils down to the following restrictions on the Tate form coefficients:
where we have chosen z 5 = 0 as the SU(5) locus on B 3 . The resulting fourfold has a split SU(5) singularity along z 5 = 0 and a conifold singularity along a 3,2 = a 4,3 = 0.
The resolved fourfold is given by two equations in a six-dimensional toric ambient space Y 6 with the weight system 
and SR-ideal is generated by
The equations defining the resolved fourfoldX 4 are:
59) where Q i , R i , P i are polynomials of degree i in the coordinates z 1 , z 2 , z 3 . We will schematically refer to these two equations asX 4 :
There are Cartan divisors E i related to the vanishing of the four coordinates v i , which are P 1 fibrations over the surface z 5 = 0 on the base B 3 . On top of z 5 = 0, there are five fiber components (including components coming from the divisors E i ) which intersect as the extended Dynkin diagram A 4 , see figure 1. Figure 1 : The fiber components of a fiber of type I 5 meet according to the extended Dynkin diagram of SU(5). Here we have drawn each P 1 as a line.
Hypercharge G 4 -flux
Let us now proceed in analogy with the SU(2) case and construct the hypercharge G 4 -flux. To obtain a Cartan flux that does not produce a massive U(1), we first need to choose a curve on the surface S = {z 5 = 0} on the base B 3 that is trivial on B 3 itself. This surface is a dP 7 described by the equation 10 Note that the ambient space of the dP7 is simply a blow-up of P 3 . In fact this dP7 is the blow-up of a dP6 which is given as a cubic in P 3 .
In order to make new holomorphic curves appear as algebraic cycles (analogously with the case P 1 × P 1 ), we need to appropriately restrict the defining equation. We make the Ansatz,
where F 1 ,F 1 are linear combinations of their arguments. This gives rise to the following three independent algebraic curves on S:
On B 3 these three curves satisfy the linear relation:
We note that the curve C 63 can be written as a complete intersection of z 6 = 0 with eq r S = 0. This is in contrast to C 13 and C 24 , which can only be given by two equations in the ambient space that automatically satisfy eq r S = 0. Their intersection numbers in S are:
(66) From these numbers, one finds 11 (
The hypercharge flux is constructed by lifting each of the curves to four-cycles onX 4 . These four-cycles are combinations of P 1 fibrations over the given curves, where the P 1 are the exceptional 2-spheres on top of v i = 0. For SU(2) there was only P 1 in the fiber, now we can construct the P 1 -fibred fourcycles
associated with the curves C 13 , C 63 , C 24 . The combination associated with the hypercharge flux must be the one related to the hypercharge generator, i.e.
where α i are the simple roots of the A 4 Lie algebra.
Hence we can form a fourcycle along the hypercharge direction for every curve C by
A hypercharge flux G Y 4 trivial in the ambient space can then be constructed as
in terms of its Poincaré dual (and non-factorizable) 4-cycle inX 4 . Due to (65) this 4-cycle is trivial as a four-cycle in the ambient space Y 6 , but is non-trivial inX 4 .
In the following we see how to use such an object in F-theory model building.
11 Note that (65) only holds on B3, but does not say that C13 + C63 − C24 is also trivial on S.
Matter curves and matter surfaces
Matter fields in the 10 and 5 representations of SU (5) are localized on loci of B 3 where the A 4 singularity is enhanced to D 5 or A 5 , respectively. In the SU(5) × U(1) model, the 5 curve factorizes, while the 10 curve does not. Summarizing, we have:
On top of these surfaces, one of the exceptional P 1 's splits, generating the structure of the extended Dynkin diagram of D 5 or A 5 . Fibering the new P 1 's over the matter curves gives 'matter surfaces'. 12 The way fiber components split over various loci in the base for the present model can be found in [26] . Here, we review just the 5 curves:
over the curve C 5 M gives the associated matter surface:Σ
,H over the curve C 5 H gives the associated matter surface:
These two surfaces only correspond to one of the five states in each of the 5 representations of SU (5) . The others can be constructed by adding or subtracting the surfaces
where I = 0, 1, ..., 4 and v 0 ≡ z 5 . These correspond to the simple roots of the A 4 Dynkin diagram for I = 1, 2, 3, 4 and to the extra node for I = 0. In particular [26] 
integrates to zero over all these curves. This is good for the matter in the 5 M representation, as we want the same number of (3, 1) and (1, 2) after breaking SU (5) to the gauge group SU(3) × SU (2) . With regard to the Higgs, we would like to have a different number of doublets and triplets. In particular, it is desirable to have no triplet at all and only a non-chiral spectrum of doublets. This is possible if we split the Higgs matter curve C 5 H . In order to do this, we restrict the complex structure of the fourfold such that:
and
with Q 2 (z 1 , z 2 , z 3 ) a generic polynomial of degree 2 in the coordinates z 1 , z 2 , z 3 . The equations defining the matter curve in the toric ambient space Y 4 (defined in (55)) becomes
Remember that eq r S ≡ z 1 z 2 z 6 F 1 (z 1 z 6 , z 2 z 6 , z 3 z 6 , z 4 ) + z 3 z 4F1 (z 1 z 6 , z 2 z 6 , z 3 z 6 , z 4 ). Hence C 5 H splits as
Correspondingly, the matter surfaces split as well:
is the same curve denoted by C 24 before.
If we integrate G Y 4 over these surfaces, we obtain
These intersections give the number of chiral states [6, 17, [26] [27] [28] . As expected, we have a vectorlike spectrum in the Higgs sector. As a further requirement, we would also like the zero modes for the triplet to be absent (instead of having two). For this we need to switch on some different flux which gives the same number when integrated over all the matter surfaces related to one matter curve.
Massless U(1) flux and doublet-triplet splitting
The extra conifold singularity at a 3,2 = a 4,2 = 0 (which comes from the condition a 6 ≡ 0) has been cured by a small resolution, which introduces the new coordinate in the last line in the table (58). In the resolved space, the new section related to the extra U (1) is determined by the equation = 0 in the Calabi-Yau fourfoldX 4 . In an SU(5) × U(1) model, the new massless vector is produced by expanding the three-form C 3 along the the two-form [26] 
where E i are the exceptional divisors v i = 0. It is now easy to switch on the corresponding U(1) flux:
where F X is a two-form along the base B 3 . In the following we will make the choice
where we have written F X in terms of its Poincaré dual as a combination of divisors in B 3 . 13 13 The four-form fluxes we are considering, i.e. G4 = G ∈ H 4 (X4, Z), so that we need to check if c2(X4) is an even four-form. In
We can now compute the chiral number generated by this flux on the matter surfaces. The
Lifting fluxes for U (1) restriction and smooth Weierstrass model
In this section we will show how to reproduce the fluxes studied in [17, 18] by the the lifting procedure outlined above. We will first study the case of brane/image-brane fluxes, where its application is straightforward. After this we treat the more general case for which the Weierstrass model is smooth. In both cases, [17] contained a conjecture for which two-form flux corresponds to a given four-form flux. This conjecture was supported by matching the D3-charges, the induced chiralities and the number of stabilized moduli. Here, we explicitly construct one flux starting from the other.
Brane/Image-brane fluxes
Let us start by again considering
For generic b 2 , b 4 , b 6 , this P 1 fibration does not have a section (the section z = 0 of the Weierstrass model is contained in W T ). To generate a section, we can impose b 6 ≡ a 2 3 [18] . In this case the equation defining W E can be written as
We notice the usual two things: 1) there are two new sections σ ± : y ∓ a 3 t = s = 0, and 2) the manifold has a conifold singularity along the curve y = s = a 3 = b 4 = 0. One can make a small resolution to cure this singularity: after a change of coordinates Y ≡ y − a 3 t we set (s, Y ) → ( s, Y ), obtaining the scalings
The equation defining the resolved fourfold iŝ
The two sections are given by the equations:
The choice b 6 = a 2 3 produces the discriminant locus ∆ E = b 2 4 − b 2 a 2 3 . In the Calabi-Yau threefold X 3 embedded in W E (t = 0), this locus splits into a brane and its image:
We want to lift a flux F on such a brane (and −F on its image).
The resolution outlined above also applies away from the central fiber in W 5 . The generic resolved elliptic fibration has the form
In [18] (and in a different language in [17] ) it was claimed that the two-form w 
Away from the central fiber of the family W 5 , this two-form is homologous to
In W E , this two-form becomes
Let's try to arrive at the result (97) by applying the cylinder map. By a careful analysis, one realizes thatR 3 (the cylinder in the resolved spaceŴ E ) splits into two piecesR 3 =R
By applying the procedure that we outlined in the first non-compact model, one finds that the lift of F is G U(1),w.c. 4
As in the non-compact example, this flux is not well defined away from the central fiber in the family W 5 . However one can prove the following relation in homology: 14
Plugging this into (101), one obtains the conjectured expression (97).
Non-factorizable flux
Now we proceed to the case of a smooth fourfold X 4 , for which the complex structure is restricted such that b 6 = a 2 3 + ρτ [29] . In type IIB this corresponds to a recombination of the brane/imagebrane system described in the last section. The resulting D7-brane is orientifold invariant and 14 Consider the following six-cycles, given by a complete intersection of WE with one equation:
ν± : WE ∩ sb2a3 ± b4(y ± a3t) = 0 . has the form of the Whitney umbrella [29] . In the threefold X 3 , its worldvolume is spanned by the two points t = 0 in the fiber 
One can define an odd two-form flux F 2 , by taking the following two-cycles inside C 2 ,
The flux is then
In [17] we studied the non-perturbative limit of this configuration. A generic element X 4 of the family W 5 takes the form:
(y − a 3 z 3 )(y + a 3 z 3 ) = s(s 2 + b 2 s z 2 + 2b 4 z 4 ) + ρ τ z 6 .
We see that the restriction b 6 = a 2 3 + ρτ on the complex structure makes the fourfold gain extra algebraic four-cycles. Typical examples of such cycles are
{y ± a 3 z 3 = 0} ∩ {s = 0} ∩ {ρ = 0} .
These are algebraic four-cycles in the ambient space X 5 which are completely sitting inside the Calabi-Yau fourfold X 4 , but are not complete intersections of the Weierstrass equation with divisors of the ambient space. In [17] , we claimed that the two-form flux (105) is equivalent to
This flux can be written in a more covariant form: By intersecting {s = 0} and {ρ = 0} with the fourfold X 4 , we note that γ ρ+ + γ ρ− = [s] [ρ] . Substituting this expression in (108) we obtain:
In the weak coupling limit this flux keeps the same form in W E , where now γ ρ± : {y ± a 3 t = 0} ∩ {s = 0} ∩ {ρ = 0} ,
We now derive this flux by applying the cylinder map to the two flux F 2 (105). Here, there is a new complication. As we have seen, the D7-brane on X 3 is an invariant brane wrapping the singular surface C 2 . This is reflected in the cylinder R 3 = ∆ E ∩ W E , which develops a singularity of codimension one. As explained in [16] , one needs to use the normalization of C 2 and R 3 in order to properly apply the cylinder map. After doing so, R norm 3 becomes a P 1 fibration over C norm 2 . One can then simply lift a curve C in C norm 2 to a four-cycle θ in R norm 3 by fibering the P 1 fiber over C. The four-cycle θ can then be uniquely mapped to a four cycle in W E .
We start from the observation that the intersection of R 3 with the locus ρ = 0 splits into two components of codimension two in W E (described by a set of non-independent equations):
b 2 a 2 3 − b 2 4 = 0 sb 4 ± a 3 (y ± a 3 t) = 0 sb 2 a 3 ± b 4 (y ± a 3 t) = 0 ρ = 0 (111)
The four-cycle θ + (θ − ) is a P 1 fibration over C + (C − ) with a section at t = 0. It hence seems natural to use these cycles to lift the world-volume flux to F-theory. This is confirmed by applying the normalization procedure.
Following the definition of F 2 , we construct the four-form flux by taking 15
By following the same steps we used to prove the equivalence (102), we find
This proves the conjecture about the equivalence of F 2 and G γ 4 made in [17] .
